On zero-dimensional rings of quotients and the geometry of minimal primes  by Hutson, H.L
JOURNAL OF ALGEBRA 112, 1-14 (1988) 
On Zero- Dimensional Rings of Quotients 
and the Geometry of Minimal Primes 
H. L. HUTSON 
Department of Mathematics, Bucknell University, Lewisburg, Pennsylvanra 17837 
Communicated by D. A. Buchsbaum 
Received September 23, 1985 
DEDICATED TO W. VASCONCELOS AND C. FAITH 
INTRODUCTION 
The purpose of this paper is to examine the ways in which the structure 
of the Minimal Spectrum (Min(A )) of a commutative ring A is reflected in 
its maximal flat mono-epimorphism (Q,,,(A)) and its classical ring of 
Quotients (Q,,(A)). In the reduced case, there is an extensive literature 
[Ml, H & J, Mew, Q] on this subject. We focus attention on the subtleties 
created by non-trivial nilpotents. 
In general, there are homomorphisms relating Q,,,(A) and Q,,(A) to 
T(Min(A), 8) (0 denotes the structure sheaf of A). Examples are given to 
show that even in global flat dimension 1, these three objects can be 
distinct. With this potential in mind, we ask how such pathology can be 
eliminated. In particular, we show that for any commutative ring A, the 
following are equivalent: 
(2) dim(Q,,,@)) = 0, 
(2) (a) Min(A) is compact, 
(b) the restriction T(Spec(A), 0) --f T(Min(A), 0) is l-l, 
and in this case, Q,,,(A)=r(Min(A), 0). This generalizes a theorem of 
Quentel [Q]. 
In another direction, we show that dim(Q,,,(A)) =0 iff Min(A) is 
compact and Q,,,(A) = Q,,,(A) (a bar denotes reduction modulo the nil 
radical). This contains the well-known fact that for a Noetherian ring, 
dim(Q,i(A)) = 0 iff Q,,(A) = Q,,(A). General characterizations of rings with 
zero-dimensional classical ring of quotients are also given. In particular, we 
show that for any commutative ring A, the following are equivalent: 
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(1) dim(Q,dA))=O, 
(2) (a) Min(A) is compact, 
(b) ZW)= { zero divisors of A } = lJPE Min(A) P, 
(c) each prime consisting entirely of zero divisors contains a 
unique minimal prime. 
PRELIMINARIES 
In this section, we set notational conventions and indicate some 
primitive relationships among our objects of study. Throughout, rings are 
commutative with unit, and Spec(A) denotes the collection of prime ideals 
of A. For a subset ZcA, D(Z)= (P~spec(A) 1 P 5 I>, and V(Z)= 
{PE Spec(A) 1 PD Z}. Subspaces S, of Spec(A), are given the topology 
whose open sets are D’(Z) = D(Z) n S. Min(A) denotes the minimal primes, 
and we let S”= Sn Min(A). The sets D”(F) with Fc A and F finite 
(or a finitely generated ideal) form a basis for the topology of Min(A) 
and are open and closed. Min(A) is a Hausdorff space. If cp: A + B 
is a ring homomorphism, cp*: Spec(B) + Spec(A) denotes the induced 
continuous map. If cp is flat, the going-down theorem implies that 
‘p* Min(B) c Min(A). If cp is l-l, then the other inclusion holds. 
For any ring, ~9~ is the structure sheaf of A. If S c Spec(A), then Z(S, 0) 
is the ring of sections of 0 defined over S. We often identify elements of A 
with global sections of ~9~. If (X, 0) is a ringed space and tp: X -+ Y is a 
continuous map, then q,(O) is the sheaf over Y for which Z(U, cp,(O))= 
Z’(cp- ‘(Cl), Cl), where U c Y is open. 
We use a theorem of Lazard [L, Sem], which states that if SC Spec(A) 
and (S, OA 1 S) is (isomorphic to) an afline scheme, then the restriction map 
R: Z’(Spec(A), 0) + Z’(S, 0) is a flat epimorphism. The converse statement 
also holds, as is seen by two other results of Lazard. If cp: A G B is a flat 
epimorphism, cp*: Spec(B) 4 Spec(A ) is a homeomorphism and if cp is in 
addition a local homomorphism of local rings, then q is an isomorphism. It 
follows that (Spec( B), 0,) z (cp * Spec( B), OA). 
Several authors [S, L] have demonstrated that for any ring A, there is a 
maximal flat mono-epic, which we denote by et,,(A). The above shows 
that Q,,,(A) z T(X,,, , OA) where X,,, is a subspace of Spec(A) minimal 
with respect o the properties that (X,,,, OA) is afine and T(Spec(A), 8) + 
r(x*Ot 3 8) is one-to-one. In turn, the classical quotient ring, obtained by 
creating an inverse for each regular element, is denoted Q=,(A). Since 
cp: A 4 Q,](A) is a flat epimorphism, we have Q,,(A) N_ T(XCl, 0,) where 
XC, = cp*(Spec(Q,,(A))) = {P E Spec(A) ( P consists of zero divisors}. 
GEOMETRY OF MINIMAL PRIMES 3 
Clearly, Min(A) c X,,, c X,,. We thus have a commutative diagram 
A - Qc, - Qtot 
Pfin(A 1, 0 ), 
where the vertical maps are restrictions. Our focus of attention will be on 
the relationships between these rings. If cp: A 4 B is any zero-dimensional 
flat epimorphism, then (p* Spec(B) = Min(A), and thus Min(A) is compact. 
A theorem of Quentel [Q] states that in the reduced case, the converse 
holds: if Min(A) is compact, dim(Q,,,(A)) = 0 and Q&A) N T(Min(A), 0). 
In these matters, subtleties abound, as is illustrated by an example [Q], 
which shows tht when A is reduced and Min(A) is compact, we may have 
QcdA 1 Z Qt,t(A ). 
In an examination of Quentel’s theorem, one notes that the restriction 
T(Spec(A ), 0) -+ r( Min(A ), 0) is one-to-one if A is reduced, but in general 
is a monomorphism iff ‘x = (a~,4 1 ax =0} d P, VPE Min(A) implies 
x = 0. When A has nilpotent elements, this is necessary for Qt,, to be zero- 
dimensional. In this case, the set of zero divisors of A =Zd(A) = 
U PEMin(Aj P. If Ass(A) denotes the elements of Spec(A) which are minimal 
over ideals of the form lx, then T(Spec(A), 0) + T(Ass(A), 0) is always 
one-to-one. In the Noetherian case, Ass(A) is precisely the set of associated 
primes, in the classical sense. If an ideal is contained in a finite union of 
prime ideals then, in fact, it is contained in one of them. We conclude 
that if Min(A) is finite and Zd(A)= UPEMincAj P, then Min(A)=Ass(A). 
Also, in this case T(Min(A), 0) N Qcl(,4) N nPEMin(A) A, (see [Ml, 
Proposition 1 S] ). 
With this background in mind, we proceed to the main body of our 
work. Additional definitions and references will be given as necessary. 
1. (Min(A), 0) AS AN AFFINE SCHEME 
In order to determine when T(Spec(A), 8) + T(Min(A), 0) is a flat epic, 
we ask: Under what conditions is (Min(A ), 0) isomorphic to (Spec(B), oB), 
where B = T(Min(A ), O)? To answer this, we must identify the prime ideals 
of B. This is simplified by 
LEMMA 1.1. Zf A is a commutative ring and Min(A) is compact, then 
B = T(Min(A), 0) has Krull dimension zero. 
Proof For SE& let N(s) = (x ( s(x) is nilpotent), and let 
U(s) = ( I ( 1 . x s x IS a unit}. If [s(x)]“=O, then [s(y)]“=0 for all y in a 
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neighborhood of x. Thus, N(s) is open. We contend that it is also closed: 
the value of a section at any point of Min(A) is either a unit or nilpotent, 
thus N(s) = min(A) - V(s). We note that U(s) is open. If s(x) = aX/pX E APT 
is a unit, then a,, /?, E A -P, (since P, is minimal, all elements of P, 
become nilpotent in Ap,) and /?,s(y) = a, for all y in a neighborhood of y. 
Intersecting with D”(/?,) and P(c(,), we see that s(y) = a,/8 for all y E D 
where D is a neighborhood of x such that VP, E Da,, 8, E A - P,. Hence, 
U(S) is open as required. 
To see that B= T(Min(A), Lo) has Krull dimension zero, we show that B 
modulo its nil radical is a von Neumann ring: given SE B, let 
1 
1 
a(x) = s(x) if XE u(s) 
0 if x~iV(s), 
let 
Then CI and b are well-defined sections, since the sets involved are open and 
closed. We have s = ?a + fi on all of Min. Now note that fi is nilpotent. To 
see this, choose for each XE Min(A) a neighborhood 0; on which 
[fi(~)]“~ = 0. Then Min(A) = (J 0,“. Choose a finite subcover {Or};= 1 and 
let n,=Max{n,f. Then [/3(x)]““=O for all x. i 
Note that in the absence of compactness, this result continues to hold if 
A has bounded index of nilpotence. 
The prime ideals of B are now easily identified. 
LEMMA 1.2. If Min(A) is compacf, each prime ideal of T(Min(A), 6) 
is of the form M, = {s E T(Min(A), 0) 1 s(x) is nilpotent} fur some 
x E Min(A). 
Proof: We show that N(s,) n An=@ implies the existence of 
a,,a,~Bwithalsl+a2s,aunit.Inturn,weshowthatN(s,) nN(s,)#@ 
implies the existence of a,, CL* EB with N(a,s, + a2s2) = N(s,) n N(s,). 
These observations will imply the result: assume N(s,) n An = (21. Let 
i 
0 on Wsl) 
aI = 
1 - on Min(A)-N(s,) 
Sl 
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and 
0 on Min(A) - N(s,) 1 An 
on N(s,). 
The cli are well defined since the sets involved are open and closed and 
CllS, + azs* = 1. 
If N(s, ) n N(s2j # 4, let 
/O on N(s, I- Ns, 1 n Nb2) 
I 1 - on W2)-WlhW2) cc,= s, 
0 on Min(A) - N(s,) u N(s*) 
1 on Ns,) n Ns2) 
and 
i 
1 - on N(s,) - N(s,) n N(s,) 
s2 
ci2 = 
i 
0 on N(s,j-N(s,)nN(s,) 
1 on Min(A)- N(s,) u N(s,) 
1 on N(s,) n N(s,). 
Again, the cl; are well defined and one checks that N[cr,s, + cr2s2] = 
N(s,) n N(,s2). By induction, if N= niEF N(si) # 0 for a finite set F, 3cr,~ B 
such that N[Ccrisi] = N. Now assume that niEF N(si) = 0 for some finite 
set of elements of an ideal I. Take a subset of G c F with niec N(si) = 
N# 0, but Nn N(sj) = 0 for some j$ G. Choose c(, with &si = s0 and 
N(Q) = N. Choose 0~~ and CI~ with cq,s,, + a,si E Z a unit. This is a contradic- 
tion. Since N(s) is open and closed for all s, we conclude by the linite-inter- 
section property that 3x E n,, , N(s) # 0, hence M, 3 I. Since Min(A ) is 
Hausdorff and has a basis of open and closed sets, the M, are distinct for 
distinct x, and there are no inclusion relations among the M,. Thus, the 
M, are maximal. By Lemma 1.1, B has Krull dimension zero, and 
Lemma 1.2 is proved. i 
As a preliminary to verifying that (Min(A), 0) is affine whenever Min(A) 
is compact, we construct isomorphisms B,r 5 APT where x = P, E Min(A) 
and B = T(Min(A), Co). In the following 
Z(s) = {X E Min(A) 1 s(x) = 0} for any s E B. 
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LEMMA 1.3. Zf A is an arbitrary commutative ring and if Min(A) is 
compact, there is an isomorphism fi,: BMX + ApI. 
Proof. Let cp,: B + BMx be the natural map and $X: B+ ApX be 
the evaluation. We show that Ker(cp,) = Ker($,) and conclude -- 
vW6: BMx~BIKerk+Ap.r is an isomorphism. (Note that tjX is onto, 
as is cpX, since dim B = 0. See [Sem, p. 6-021). We have 
KerII/,={s~B~s(x)=O} 
and 
Kercp,=(sEBl 3aEB--M,withas=O}. 
We always have Ker cpX c Ker tjX(m(x) E A - P,, since a(x) is a unit and 
a(x) s(x) = 0, hence s(x) = 0). Conversely, assume that SE Ker tj,, then 
s(x) = ax//IX = 0, i.e., 3~ E A - P, with pa, = 0. Since Z(s) is clearly open, 
we can choose a basic open and closed set D with P, E D c Z(s). Define a 
section by 
{ 
P in D a= 
0 on Min- D. 
This is well-defined since D is open and closed. Clearly, a $ M, and as = 0 
as required. 1 
Note that in the above, we can suppress mention of Cp,, i.e., we make the 
identification B/Ker cpX = BMx. Having done so, we have two isomorphic 
sheaves 4 and & where the stalks of flB are B/Ker cpX. 
The proof of the next theorem shows that when Min(A) is compact, 
(Min(A), 0) is an affne scheme. This generalizes a result of Pierse [P, 
Proposition 5.31. 
THEOREM 1.4. Zf A is any commutative ring, the following are equivalent: 
(1) dim(Q,,J = 0 
(2) (a) Min(A) is compact 
(b) A = T(Spec(A), 0) --t T(Min(A), 0) = B 
(restriction) is one-to-one, 
Proof (1) =- (2) (a) was noted in Section 0. For (b), let aE A be 
identified with a global section of 0. If a 1 Min(A) = 0, then given 
B E Spec(Q) = Min(Q), by the going-down theorem B n A = P is minimal, 
hence there exists p E A -P with pa = 0. It follows that the image of a in 
Q, for any prime of Q is zero, and thus a = 0 as required. 
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(2)+(l) To verify this, we show that (Spec(B), &)r(Min(A), 0). By 
a theorem of Lazard [L, Proposition 2.51, it follows that B is a mono-flat 
epic of A. In turn, by Lemma 1.1, Qtot = B and dim(Q,,,(A)) = 0. We must 
define (cp, cp”): (Spec(B), (!&) + (Min(A), 0). Let cp: Spec(B) + Min(A) be 
the map cp(M,) = x. Then cp is l-l, since the M, are distinct. Also, iffe A, 
cp-V”(f)) = {M, I fp, is a unit} = D,(f), 
where f is viewed as a section over Min and DB(f) denotes {M, 1 f 4 M,}. 
Since Min(A) is compact and Hausdorff, cp is a homeomorphism. We must 
now find a sheaf map cp # : 0 1 Min + ‘p.+ oB. Define first a map going the 
other way 
for an open set U c Min(A) by sending the section s E T(cp-‘( U), &) to the 
map @j,“(s) given by (x + $,(s(M,))), where $X is the isomorphism of 
Lemma 1.3. Note that @z(s) is a section: we must check that it is 
continuous. Since dim(B) = 0, we know that the map B + BM1 taking c1 to 
cl/l is surjective, thus for all y in a neighborhood of x, s(M,) = Cc,/1 for an 
appropriate ~7, EB= T(Min(A), 0). In turn, Cpu#(s)(y) = $,(Cr,/l) = E,(y) 
for all y in a neighborhood of x. (Recall the identification 0 = B after 
Lemma 1.3.) Hence, @j,“(s) is locally continuous and hence continuous 
on U. One checks that l&, U Cpc = $,, which is an isomorphism. By 
[H, p. 63, Proposition 1.11, Cp # : &.+ (?,JB + 0 1 Min is a sheaf isomorphism. 
Hence, if cp # = (@ # ) - ‘, we have an isomorphism (cp cp # ): (Spec( B), l!&) s 
(Min(A), O), and (2) 3 (1) is complete. 1 
As a consequence of Theorem 1.4, we have 
COROLLARY 1.5. If Min(A) = Ass(A), then dim(Q,,,(A)) = 0 iff Min(A) 
is compact. 
Proof Z(Spec(A), 0) + f(Ass(A), 0) is always l-l. 1 
Note that when A is reduced, Min(A) is always equal to Ass(A), and 
thus our corollary reproduces Quentel’s theorem [Q, Proposition 11. 
Coherent rings provide another example. Recall that a ring is coherent iff 
every product of flat modules is flat. 
COROLLARY 1.6. Zf A is a coherent ring with bounded index of 
nilpotence, the following are equivalent: 
(1) dWQ,,,(A)) = 0, 
(2) ZJSpec(A), 0) + T(Min(A), 0) is one-to-one. 
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Proof: Note that Min(A) is compact if A is coherent with bounded 
index of nilpotence. To see this, consider 
cp: A-+ 1 A.=R. 
PE Min(A) 
The bound on the index of nilpotence makes it easy to check that R is 
zero-dimensional. By coherence, q: A -+ R is flat, and hence cp* Spec(R) = 
cp* Min(R) c Min(A). The other inclusion also holds, even through q is not 
l-l: Let P, E Min(A) be given. Define 
%= fl I,, 
Pzzz Min(A) 
where Z, = Apz if a # 0 and Z, = P,A ,,. One checks that Y0 is prime and 
that ~p~‘(P$~‘o) = P,. [ 
COROLLARY 1.7. If Min (A) is discrete, the following are equivalent: 
(1) dim(Q,,J = 0, 
(2) (a) Min(A) is finite, 
(b) f(Spec(A), 0) + T(Min(A), 0) is one-to-one. 
In this case, Min(A) = Ass(A) and 
Qd4=Q,M= fl &=WWA)~ 0). 
PeMin(A) 
Proof: The first statement is clear. The second is discussed in 
Section 0. i 
In another direction, we now use the representation of Q,,,(A) as a ring 
of sections to show, in some cases, that there is a natural isomorphism 
Q&A) 2: Q,,,(A) (a bar denotes reduction modulo the nil radical). In con- 
junction with compactness of Min(A), this provides us with another 
characterization of rings with zero-dimensional maximal flat epic which 
generalizes the fact that for a Noetherian ring, dim(Q,,(A)) =0 iff 
Q,,(A)= Q,,(A). In the proof of the following, X,,, denotes the set of 
primes in A contracted from Q,,,. 
THEOREM 1.8. For a commutative ring, the following are equivalent: 
(1) dim(Q,,,(A))=O, 
(2) (a) Min(A) is compact, 
(b) Qm(A 1 r Qt,d& 
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Proof (2) * (1) This is evident from Quentel’s theorem 
(Corollary 1.5). 
(l)=+(2) We show that T(Min(A), O)=T(Min(A), 0,). 
The result follows from Quentel’s theorem and the observation 
that dim(Q,,,(A)) = 0 *X,,, = Min(A), so that et,, = T(X,,,, 0) = 
T(Min(A), 0). (Note that Min(A) = Min(A) is compact.) Define 
1,9: T(Min(A), 0) -+ r(Min(d), OX) by letting $(s)(x) = 6,//I,, where 
s(x) = ad/IX. In this case, IJ is surjective: If SE T(Min(d), &), let 
S(X) =5,/b, with a,, 8, E A. Choose an open neighborhood 4, of x on 
which this identity continues to hold. The {Dx} form an open cover of 
Min(A). Reline this to a finite cover {Di} consisting of disjoint open and 
closed sets and relable so that S(x) = ii//Ii on D,. This is possible since 
Min(A) is a Boolean space. Let Di denote the inverse image of Di under the 
canonical homeomorphism Min(A) 2 Min(A). Define s E T(Min(A), 0) to 
be cri/pi on Di. Since the Di are disjoint and open and closed, S is well 
defined. Also, $(s) = S. One now uses compactness, as in Lemma 1.1, to 
check that Ker($) is the nil radical of T(Min(A), 0). 1 
Next, in order to acquire a more concrete feeling for the possible struc- 
tures of Min(A), we give two examples. The first was constructed by 
Vasconcelos ([V, Example 3.21; also see [Ml 1) as a ring with weak global 
dimension 1 that is not semihereditary. Our interest lies in the observation 
that T(Min(A), 0) is distinct from Q,, = Q,,,. Let N be the natural num- 
bers, Z the integers, and A, = Z/22, n E N. Let A = CA,, and define 
addition and multiplication componentwise. We let R be the ring obtained 
by adjoining the identity of Z. That is, R = Z x A, where addition is com- 
ponentwise and multiplication is given by the formula 
Let PO = (0, A) and P, = R( 1, e,), where e, is the vector with coordinate 1 
in the nth place and zero elsewhere. One checks that { Pi}i20 are the 
minimal primes. Note that (2, 0)~ ni,, Pi and (0, en)E C)i+n Pi. Thus, 
Min(R) is discrete (i.e., each point is open) and infinite. Since R is reduced, 
the remark after Lemma 1.1 shows that dim(T(Min(R), 0)) = 0, and hence 
this ring of sections is distinct from Q,,,,(R) and Q,,(R) since Min(R) is not 
compact. A tedious computation shows that each finitely generated faithful 
ideal contains a regular element, and so Q,, = Q,,,. 
We next construct a ring R with weak global dimension 1 which has a 
finitely generated faithful ideal consisting entirely of zero devisors. Let 
A = C[x, y], y2 = x3 - x, and let JZ be the maximal ideal corresponding to 
a non-torsion point of the elliptic curve. Note that this means that no 
power of 4 is principal. Let E,, = Cp = .x A/P(P maximal) and E = Et) a 
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countable direct sum. Define multiplication and addition on E com- 
ponentwise and add A, 
R=A@E 
so that (m,a)(m,, a,)=(mm,, urn, +ma, +a~,). We check that R has 
global flat dimension 1 at the local level. Let M be a prime ideal of R and 
P = M n A. If P = 0, R, = (RP)M = Q&A). If P is a maximal ideal of A, 
there are two possibilities: (1) E c M: Since for each idempotent e, in 
E(l, -e,)$M, it follows that R, = A,. (2) Assume E d M: then say 
ear $M and all other independent idempotents lie in M so they disappear in 
the localization. Furthermore, Pe, =0 so that e, corresponds to a sum- 
mand AJP and R, = A/P. Thus, in all cases R, has weak global dimension 
6 1 as required. One can now use the dual-basis lemma to check that 
Q,,,(R) = L& Hom,(Z, R) where Z is finitely generated and faithful. It will 
follow that Q,, # Q,,, if we can find a lintely generated fairthful (and hence 
projective) ideal consisting of zero divisors: A@ R is such an ideal. 
Note that JIQR=A@(AQE)=&QE, since for R/P, P#.M, 
A@ RIP= R/P. Let XEJY@ R, then x= r +C rie,. Choose e an 
idemptotent corresponding to a prime that contains r and is not represen- 
ted in the sum C rie,. Then xe = 0. One checks that the minimal primes of 
R are (0, E) and {(P, 0) + R( 1, -ear)}, w h ere ear corresponds to a summand 
A/P. The (P, 0) + R( 1, -e,) are open in Min(R), and thus this space is not 
compact. We conclude that Q,, Qto,, and ZJMin, 0) are distinct. 
PROBLEM 1. Find R with global flat dimension 1, connected spectrum 
but with all three rings under consideration distinct. 
2. THE CLASSICAL QUOTIENT RING 
A theorem of Quentel and Matlis states that in the reduced case, 
dim(Q,,(A)) = 0 iff Min(A) is compact and linitely generated faithful ideals 
contain regular elements. The second condition can be rephrased as the 
requirement hat D(Z) =) Min(A) for Z finitely generated implies D(Z) 3 X,, 
where X,, is the set of primes contracted from QJA). This geometric 
statement in conjunction with compactness of Min(A) provides a general 
characterization of rings with zero-dimensional classical quotient ring. 
THEOREM 2.1. Zf A is a commutative ring, the following are equivalent: 
(1) dim(Q,dA))=O, 
(2) (4 
(b) 
(c) 
(3) (a) 
(b) 
(4) (4 
(b) 
11 GEOMETRY OF MINIMAL PRIMES 
Min(A) is compact, 
Zd(A)=UpeMin(A)P, 
if a finitely generated ideal I c Ups Min(A, P, then in fact 
Zc P for some PE Min(A), 
Min(A) is compact, 
if D(Z) 3 Min(A) for a finitely generated ideal, then in fact 
D(Z) contains all primes consisting entirely of zero divisors, 
Min(A) is compact, 
Qcl 3 WWA), 0). 
In this case, Min(A) = Ass(A). 
Proof We first verify (1) o (2). The arguments are elementary and 
essentially due to Matlis. The only new idea is the imposition of the 
condition on Zd(A). 
(l)=> (2) Compactness of Min(A) is evident. For (2)(b), let xE Zd(A), 
then x E Zd(Q), hence 38 E Spec(Q) with x E 9. Thus, x E B n A = P, and 
P is minimal. In turn, if Z is a (finitely generated) ideal of A and 
zcu PE MinCAj P, then Zc Zd(A ) and hence ZQ # Q (Q is a classical 
localization). Choose 9 E Spec(Q) with ZQ c 9. Then Zc ZQ n 
AcgnA=Pand Pisminimal. 
(2) =E- (1) Assume dim(Q) # 0. Choose 9 E Spec(Q), with B not 
minimal. Then g n A is not minimal. Choose P, E Min(A) with 
YnA $ P,. Let x,EYnA-P,,. Then D”(x,)u[U,,,,,D”(x)]= 
Min(A). Choose a finite subcover. Say D”(x,) u [lJ;= r D”(xi)] = Min(A). 
Then .Z= C;=O Axi is not contained in any minimal prime, hence (contra- 
positive of 2~)) J d U PE Min(A) P = Zd(A), i.e., J contains a regular element. 
Hence, JQ = Q. But JQ c 8, which is a contradiction. 
(2)= (3) is clear, since in this case we know that dim Q,, = 0, thus 
X,, = Min(A). 
(3) =- (2) Note that D(Z) 2 Min(A) implies Z contains a regular 
element: if not, choose a prime P minimal over I. Then P consists of zero 
divisors, which contradicts (3)(b). In particular, if x $ P, VP E Min, then Ax 
contains a regular element, which implies that x is not a zero divisor. 
Hence, Zd(A) = IJ PE Min(a)P. In turn, if Z ti P for all PE Min(A), then 
zcfu PE Min(A) P = Zd(A) as required. 
(1) * (4) X,, = Min(A), and thus Q,,(A) = Z(Xc,, 0) = f(Min(A), 0). 
(4)*(l) This is Lemma 1.1. 
The final statement follows from the proof of (1) 3 (2)(c) in conjunction 
with the fact that PE Ass(A) =E- P c Zd(A). 1 
12 H. L. HUTSON 
COROLLARY 2.2. rf fintely generated ideals are principal, the following 
are equivalent: 
(1) dim(Q,,)=O, 
(2) (a) Min(A) is compact, 
(b) Zd(A)= UPeMin P. 
Proof This is immediate from 2 of Theorem 2.1. 1 
A theorem of Lazard [L, Proposition 4.33 implies for reduced rings with 
Min(A) countable, that dim(&)=0 is equivalent to Min(A) compact 
(note that in a reduced ring, Ass(A) = Min(A)). A similar result holds for 
polynomial rings [Q, Propositions 5 and 61. To see this, we need to show 
that Q,,(A) = Q,,,(A) for A =R[X] with R reduced: Q&A) is the 
localization of A with respect to the Gabriel filter of ideals of A for which 
ZQm = Qtot. Any ideal in this filter clearly contains a finitely generated 
faithful ideal. If each finitely generated faithful ideal contains a regular 
element (this is Quentel’s condition c), then clearly et,,, = Q,,, since the 
classical quotient ring is the localization at the filter of ideals containing 
regular elements. With this in mind, if A = R[X] is a reduced polynomial 
ring, we let Z be a finitely generated faithful ideal generated by polynomials 
fi. Let deg( fJ < a for all i. Then g = C Fyi E Z and g is regular, since over a 
reduced ring, the product of two polynomials is zero iff the product of any 
two coefficient is zero. 
In the general (non-reduced) case, we have: 
COROLLARY 2.3. For a ring A with countable Min(A) or for a 
polynomial ring, the following are equivalent: 
(1) dWQcdA))=03 
(2) (a) Min(A) is compact, 
(b) Zd(A)=U.sMin(A)P. 
Proof. We need only verify (2) * ( 1). Use (2) of Theorem 2.1. Assume I
is a finitely generated ideal and D(Z) 2 Min(A). Let a bar denote reduction 
modulo the nil radical. Min(A) is compact and D(~I Min(d) (open in 
Spec(A)). In the cases under consideration, dim(QJA) =0 (for a 
polynomial ring, note that R[X] = R[X]). By (2)(c) of Theorem 3.1, 
7 Q! up. MinCAj p, thus Z contains an element x such that X 4 PVPE 
Min(A). Then x 4 PVPE Min(A), and Z contains a regular element, i.e., 
ZdU PE MinCAJ P as required. 1 
Our next result is motivated by a theorem of Kist [K], which states that 
for a reduced ring A there is a retraction cp: Spec(A) + Min(A) (i.e., cp is a 
continuous map onto Min(A) such that cp 1 Min(A) is the identity) iff all 
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principal ideals of A are projective. In this case, dim(Q,,(A)) = 0. More 
generally, we have 
THEOREM 2.4. For any commutative ring A, the following are equivalent: 
(1) dim(Q,M) = 0, 
(2) (a) there is a retraction X,, -+ Min(A), 
(b) Zd(Z) = UPt Min(A) P 
Moreover, there is a retraction from X,, to Min(A) ijjf each prime in XC, 
contains a unique minimal prime and Min(A) is compact. 
ProoJ: (1) * (2) is evident since X,, = Min(A) in this case. For 
(2) + (1) let Q,,(A)= Q. Since (Spec(Q), UQ) N (Xc,, oA), and Min(Q) N 
Min(A), (2)(a) implies that there is a retraction from Spec(Q) to Min(Q). 
This retraction descends to retraction from Spec(Q) to Min(Q). Thus, by 
Kist’s theorem [K, Theorem 23, principal ideals of & are projective and - - 
dim(Q,,( Q)) = 0. In turn, if X E Q is regular, then X $ PVP E Min(Q) since 
Zd(Q) = UPc Min(Q) P for any reduced ring. It follows that x4 lJPEMincQ) P, 
i.e., x is regular and hence a unit since (2)(b) is inherited by Q. Thus, 
Q,,(Q) = Q and the proof is complete. 
For the final statement, it is enough to show that there is a retraction 
qx Spec(Q) + Min(Q) iff each prime of Q contains a unique minimal prime 
and Min(Q) is compact. In the reduced case, this is verified in [A & M]. 
For completeness, we prove the general result. Let cp: Spec(Q) --+ Min(Q) 
be a retraction. Clearly, Min(Q) is compact. Let P E Spec(Q) and PO any 
minimal prime contained in P. In this case, cp -‘(PO) 3 P, is closed, but 
P is in the closure of P, in Spec(Q), hence P E cp ~ ‘(PO), i.e., q(P) = P, 
and P, is the unique minimal prime contained in P. Conversely, let 
cp: Spec(Q) + Min(Q) be the map which takes a prime to the minimal 
prime contained in it. We observe that q is continuous when Min(Q) is 
compact: compactness implies that the collection { V’(a)) with a E Q is a 
sub-base for the topology of Min(Q), thus it is enough to show that 
cp-‘( V’(a)) is open. In fact, cp-‘( Y(a))=D(Un,o ‘a”). This follows from 
the elementary observation that if PE Spec(Q) for any ring Q, then 
z= n P,= aEQlP3 u 
Spec(Q)3P,cP 1 n>O 
To see this, note that ZP is the nil radical of QP. 1 
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